The many-body potential for ferromagnetic and paramagnetic rhodium clusters proposed in this work has 11 parameters ͑14 for the paramagnetic case͒ that are fitted on the energy surface of Rh 2 through Rh 6 clusters calculated from first principles within the generalized gradient approximation ͑GGA͒ of density functional theory. Under this potential the most stable ferromagnetic and paramagnetic cluster structures are generated up to Rh 58 . Additionally, the growth under several symmetries is pursued up to Nϭ400. The face-centered-cubic ͑fcc͒ growth path is the most stable at that cluster size regime. An effective measure of the cluster stiffness is calculated as a function of cluster size displaying a monotone increase towards the bulk value. The melting temperature is about constant up to clusters with 45 atoms, presenting a sharp increase towards the bulk value at larger sizes.
I. INTRODUCTION
Structural properties are of fundamental importance for understanding the physical and chemical behavior of clusters. However, there exists no direct experimental method for the determination of the structure of free clusters generated in molecular beams. For that reason, the geometry of clusters is usually inferred indirectly from comparison of measurements that depend on the structure with predictive models and simulations. This approach has been attempted with techniques such as mass spectral abundance, 1 chemical reactivity, 2 magnetism, 3 and electron diffraction. 4 For transition metal clusters, structural information is becoming available from a wealth of sophisticated experiments. For example, the chemical reactivity of size-selected clusters can be probed by flow-reactor techniques. This method has been used in nickel clusters using nitrogen as the chemical probe. From the experiments it was learned that around Nϭ13 and 55 the geometry is a Mackay icosahedron, 5 whereas for sizes below 55 there are too many possible geometries and multiple isomers might be present. 6 Therefore, it is increasingly important to design reliable structural models to aid the interpretation of experimental data. For transition metal clusters this is a demanding task. While it is now possible to perform ab initio calculations on complicated low-symmetry clusters on the order of 100-200 atoms, 7 the ab initio determination of many/all low-lying structural isomers in this size regime is not currently in reach. Full ab initio searches for structural isomers are certainly limited to 30-50 atoms at this time. The use of sufficiently accurate model potentials can significantly decrease the ab initio computational search time by identifying lowenergy structures which may then be further investigated within ab initio methods. In addition, the Hessian matrices determined from such model potentials should provide for excellent preconditioning of ab initio geometrical optimization methods which further increases the size regime for which ab initio methodologies are tenable. Finally, such model potentials 8, 9 provide a promising avenue for obtaining structural information and studies of this type also validate the use of such potentials as ab initio preconditioners.
Among the 4d transition metals, rhodium clusters display unique magnetic properties exhibiting a richness of spin orderings in small cluster sizes up to about Nϭ60 3,10,11 despite the fact that bulk rhodium is paramagnetic. Recently, we have performed extensive ab initio calculations within the density functional formalism and the generalized gradient approximation ͑GGA͒ 12 for small rhodium clusters up to Rh 6 , where it is shown that magnetic characteristics are associated with the structure as well. Less accurate calculations within the tight binding approximation have reached a similar conclusion. 13 In this paper we develop a model potential for rhodium clusters and fit its parameters to our previous ab initio calculations of Rh 2 to Rh 6 ferromagnetic and paramagnetic clusters 12 and use the new potential to determine the structure of rhodium clusters up to Rh 58 . Our results should aid structural assignments from experimental data. 
II. RHODIUM: THE MANY-BODY POTENTIAL AND SMALL CLUSTERS
where ⑀ i is the on-site energy corresponding to the ith atom.
(2) represents the width of the local density of states, i (3) measures the skewness of d i (E), i (4) indicates when the density becomes bimodal, opening a gap, and higher moments give finer details about the distribution. Additionally, it is not difficult to prove 15 that the moments can be calculated in real space in terms of H i j , matrix elements of the all electron Hamiltonian spanned on an orthonormal atomic basis set ͉i͘. In particular,
is a sum over z paths, each path representing one electron starting at site i, hopping out to one of the z coordination sites j, and hopping back to i. Equation ͑2͒ emphasizes the importance of the geometry of the local environment to the shape of the local density of states. When the summation is extended to many coordination shells beyond the first neighbors, wiggles are introduced in the functional form of the moments at appropriate places that aid in characterizing the structure of the metal. Transition metals are elements with a partially filled narrow d band superimposed on a broad free electron-like s -p band. The narrowness of the d band, especially in the 3d series, is a consequence of the relative constriction of the d orbitals compared with the outer s and p orbitals. As one moves across the periodic table, the d band is gradually being filled. Most of the properties of the transition metals are characterized by the filling of the d band and ignoring the sp electrons. This constitutes Fridel's d-band model 16 which further assumes a rectangular approximation for d i (E) such that the bonding energy of the solid is primarily due to the filling of the d band and proportional to its width. In the second moment approximation ͑SMA͒, the bonding energy is then proportional to ͱ i (2) . In metals, an important contribution to the structure comes from the repulsive term represented as a sum of pair potentials accounting for the shortrange behavior of the interaction between ions. 17 Therefore, the cohesive energy of a transition metal consists of
The SMA has been used to suggest various functional forms for interatomic potentials in transition metals such as the Finnis-Sinclair potential, 18 the closely related embedded atom potential, 19 the tight-binding TB-SMA 20 also referred in the literature as Gupta potential. 21 These potentials differ in the functional representation that is given to the hopping integrals in Eq. ͑2͒, because of the summations under the square root they are many-body potentials in the sense that they are not a sum of pairwise additive functions.
The functional form we adopted for rhodium is that of the many-body SMA potential [20] [21] [22] 
which has five parameters ⑀ 0 , 0 , p, q, and r 0 . The strategy to obtain the values of these parameters is diverse. As for other potentials, the parameters can be fitted to empirical data such as the cohesive energies and elastic constants. Cleri and Rosato 23 fitted these parameters to experimental data for 16 fcc and hexagonal-close-packed ͑hcp͒ transition metals. Their parameters for rhodium are: 0.0629 eV, 1.66 eV, 18.45, 1.867, a/& (aϭ3.803 Å), respectively These bulk fcc parameters give a cohesive energy of 5.752 eV, elastic constants of C 44 ϭ1.99 Mbar, C 11 ϪC 12 ϭ1.55 Mbar, and a bulk modulus of 2.89 Mbar. A different parametrization strategy was introduced by Sigalas and Papacostantopoulos 22 in which the parameters were fitted to local density approximation ͑LDA͒ calculations of the total energy as a function of lattice constant. Their parameters for rhodium are 0.0911 eV, 3.823 eV, 9.22, 2.302, 3.215 Å.
For Rh clusters we propose an alternative parametrization based on a simultaneous fit to the energy surfaces of clusters, Rh 2 through Rh 6 , obtained from our recent GGA calculations. 12 Two sets of electronic states are identified from those calculations as summarized in Table I . In the first set, the spin multiplicity is high, indicating that many of the valence electrons have unpaired spins. This set is referred to as ferromagnetic and contains 12, 10, 7, 31, and 5 different geometries of Rh 2 , Rh 3 (C 2v , Sϭ5/2), Rh 4 (D 4h , Sϭ2), Rh 5 (C 4v , Sϭ5/2), and Rh 6 (O h , Sϭ3), respectively. In the second set, the electronic states have the lowest possible spin multiplicity corresponding to valence electrons with paired spins. This set is called paramagnetic, containing either singlets for clusters with even number of atoms and doublets for clusters with odd number of atoms. The paramagnetic set contains 11 different geometries of the dimer in (C 4v , Sϭ1/2), Therefore, two sets of parameters can be produced, one associated to the fit to the ferromagnetic electronic states, and another corresponding to the fit to the paramagnetic electronic states. In both sets the two parameters pϭ18.450 and qϭ1.867 representing the range of the repulsive and attractive part of the potentials are kept fixed and equal to the bulk fcc rhodium parameters proposed in Ref. 23 . This is a reasonable assumption because the range of the interactions should not be correlated to the magnetic characteristics of the material but rather to its metallic character. Regarding the remaining three parameters, ⑀ 0 , 0 , r 0 , it was not possible to obtain a reasonable single fit on either of the two sets of electronic states. Instead, we discovered a size dependence ͑N͒ of these three parameters revealing the following law:
where F is either 0 , ⑀ 0 , or r 0 ; F fcc are the bulk values of Ref. 23 . The F dimer correspond to ferromagnetic or paramagnetic parameters fitted to our GGA calculations for the dimer only ͑12 points in the Sϭ2 state for the ferromagnetic set and 11 energy points in the Sϭ0 state for the paramagnetic set͒. The exponents X F were fitted using the LevenbergMarquart algorithm on cluster geometries for 3рNр6 corresponding to the ferromagnetic or paramagnetic sets. With this parametrization, the SMA potential has 11 parameters for the ferromagnetic clusters. For the fit to paramagnetic states, it was necessary to consider three exponents for the clusters with even N and three different exponents for clusters with odd N. Therefore, the total number of parameters for the paramagnetic case is 14. These parameters are reported in Table II . For the ferromagnetic potential, the relative error of the fit is 3% on the energy of 55 points distributed over the five different ferromagnetic energy surfaces of Table I . For the even-paramagnetic potential, the relative error of the fit is 3% on the energy of 55 points distributed over the five different ferromagnetic energy surfaces of Table II. For the even-paramagnetic potential the relative error over 23 points is 5% and for the odd-paramagnetic potential it is 1%.
To verify the validity of the proposed SMA potential we calculated the total binding energy for high-symmetry O h clusters (Nϭ12, 13, 24, 25, and 48͒ within the SMA potential, the ab initio GGA, and local density approximation ͑LDA͒ methods. 12 The optimized bond lengths and binding energies are listed in Table III . These O h clusters are not the isomers with lowest energy, but rather are high-energy isomers that were chosen because of the feasibility of the GGA and LDA calculations at the same level of sophistication as described in Ref. 12 . As seen from the table, the agreement is excellent. The differences in the binding energy between the GGA and the SMA potential range from 1.5% to 23% ͑col-umns 4 and 6͒. If the SMA potential configurations are allowed to relax, then the energy differences increase slightly ͑columns 6 and 10͒ but discrepancies of 0.2% to 5.4% in the shortest bond distance develop ͑see columns 5 and 9͒. The relaxation of these structures gave very shallow minima that do not necessarily maintain the O h symmetry. In general, the differences between our SMA and GGA cohesive energies are smaller than the differences between the LDA and GGA cohesive energies ͑see columns 7 and 8͒. This is good proof for the model potential, showing that is more appropriate than LDA calculations.
III. STRUCTURE OF RHODIUM CLUSTERS
Subsequently, the most stable geometries of clusters with sizes up to 58 were discovered via an unrestricted Monte Carlo method 8 supplemented with a genetic algorithm optimization. 24 For each size, 1000 random trials within a volume consistent with close packing, led to a distribution of minima out of which an optimization using genetic algorithms gave the global minimum. Typical distributions of different minima ͑with binding energies/atom differing in the third decimal͒ for clusters with Nϭ19, 26, 31, 38, 48, and 55 are illustrated in Fig. 1 . The histograms were built with approximately 1000 minima for each size ͑700 in the case of Rh 19 ). Most of the low-energy minima have icosahedral, decahedral, or hexagonal closed-packed ͑hcp͒ motifs. It is clearly seen that the O h structures of Table III are very low  binding energies isomers. Tables IV and V contain the energies of the configurations corresponding to the global minimum of ferromagnetic and paramagnetic clusters, respectively. The structure of almost all clusters is either that reported for Lennard-Jones potentials 25 or for the Sutton-Chen 12-6 potential 26 except for ferromagnetic and paramagnetic Rh 24 and Rh 45 shown in Fig. 1 Fig. 2 ͑bottom͒.
The average bond distance increases slowly, changing from 2.55 to 2.68 Å for ferromagnetic Rh 7 through Rh 58 . In contrast, the paramagnetic clusters present a slight contraction of the average bond length, changing from 2.6 to 2.54 Å in the same size range ͑the bond length in bulk rhodium is 2.689 Å͒. A given experimental sample of rhodium clusters might be a mixture of ferromagnetic and paramagnetic clusters. It would be interesting to separate them experimentally. Additionally, since there are dozens of minima within a hundredth of an eV, these isomers can be attained within thermal energies. It is expected that experiments based on the stability of clusters ͑such as mass spectra͒ will be strongly masked by the broad distribution of isomers. This pattern has been observed experimentally by mass spectrometry, 27 where no outstanding features could be recognized from the spectra of rhodium clusters in the size range studied here. It is worth noting that these experiments did not separate ferromagnetic 28 Comparison of the results in Table IV and V with the tight binding calculations of Ref. 13 reveal that the geometries for Nϭ13, 15, 17, 19, 20, 23, 27, 43 , and 51 reported in that paper as the most stable are not minimum energy configurations.
IV. DISCUSSION
A qualitative description of the packing behavior of larger clusters is investigated by following the cluster growth under a fixed symmetry. To that purpose, spherical clusters with 20 and up to 400 atoms were cut from either fcc or hcp lattices and relaxed under the SMA potential with the conjugate gradient method. Results are shown in Fig. 3 , where the diamonds stand for the ferromagnetic SMA results reported in Tables IV and V, the black circles indicate the relaxed fcc clusters, and the small dots stand for relaxed hcp clusters. In addition, the crosses indicate just a few cluster sizes around the Mackay icosahedra properly relaxed under the SMA. It is clear that the cluster growth beyond Nϭ56 will continue to have mixed symmetry components, with perhaps a less important hcp ingredient as the size increases. It is also evident that the fcc packing becomes notoriously more stable for clusters with more than 300 atoms.
In order to describe the elastic behavior of these clusters, we define an effective bulk modulus as
where the effective volume per atom is v eff ϭ4r avg 3 /3 and r avg is the average bond length. Figure 4 shows the trend of the effective bulk modulus as a function of cluster size. This property increases rapidly for cluster sizes below Nϭ50, showing that the smaller clusters require little energy to produce a given deformation. Figure 4 contains information related to isomers in the global minimum up to Nϭ58, and from there on the geometries considered were primarily the fcc structures reported in Fig. 3 . The differences between ferromagnetic and paramagnetic clusters are very small. However, for very small sizes up to Rh 25 the behavior is significantly different. For example, paramagnetic Rh 24 is stiffer than the ferromagnetic cluster. At size 19 this behavior reverses. Overall, a sharp increase in the effective bulk modulus occurs at small sizes NϽ50, and a smoother increase towards the bulk value is apparent above this size.
The ease of deformation of the smaller clusters is due to the fact that atoms in the cluster behave much like the atoms in the first layer of the closest packed fcc infinite surface. In fact, using the SMA bulk parameters of Ref. 23 , the surface energy of Rh͑111͒, defined as the energy/atom calculated for atoms relaxed on the first ͑outermost͒ layer, second layer, third layer, etc., is Ϫ4.96, Ϫ5.71, Ϫ5.78, and Ϫ5.79 eV, respectively. Inner layers beyond the fourth layer contribute as bulk ͑Ϫ5.752 eV͒. The surface layers have an interlayer relaxation of Ϫ0.03%, Ϫ0.1%, for the first two, and a positive small relaxation of about 0.002% for the next two inner layers, which is consistent with experiments. 29 As a compari- . Figure 5 shows these plots for the ferromagnetic and paramagnetic clusters. The corresponding slopes are 4.6 and 4.63 eV for ferromagnetic and paramagnetic clusters, respectively. This indicates that the full binding energy in the cluster has the character of surface energy.
Some of the equilibrium thermodynamic properties of the isomers reported in Tables IV and V can be analyzed with molecular dynamics ͑MD͒. For example, Fig. 6 illustrates the trend of the melting temperature as a function of cluster size. In these simulations the internal energy was calculated as a function of temperature. From plots of internal energy vs temperature, the melting temperature was identified as the midpoint of the region where a change of slope takes place. 30 The error bars indicate the width of the transition region. As is apparent from the figure, the melting temperature is roughly 1200 K up to sizes of about 45, and then increases, remaining below the bulk value of 2258 K.
V. CONCLUSION
In this paper we have applied a large-scale computer simulation to reveal that a many-body potential does indeed model well the structure of rhodium clusters. A crucial feature is that the parameters of this potential depend on the size of the cluster. The minimum energy structure of ferromagnetic and paramagnetic clusters is not always the same. In addition, there is strong evidence that the fcc packing starts dominating the growth at sizes on the order of 300 atoms, contrary to the 10 000 expected for van der Waals clusters. 31 Furthermore, it is demonstrated that the stiffness of Rh clusters is about half the bulk value and increases as a smooth function of size, changing by 50% in the size range 10 to 400. This smooth change is indicative that atoms in the clusters behave much as the atoms in the first two to three layers of an infinite surface. Finally, the melting temperature as a function of cluster size is about half the value of the bulk up to sizes Nϭ50, and starts increasing for larger sizes. 
